
 
Polynomialringuisited
For the rest of the semester all rings will be commutative with 1 10

We've seen that polynomial rings over fields are Euclideandomains
with norm N01 0 N f degf f to and hence PIDs However
if R is not a field e.g R R then R will have some hohZero

proper ideal I and we get the following relationship

Pep let I C R be an ideal and let I ERED be the ideal

generated by Ili e polynomials w coefficients in I Then

CRAIGIE R

PI Consider the map 4 R YI CD defined by
Ao ta Xt aux l To ta xt tan x where a i is the image of

ai in MI

4 is surjective and a polynomial f x Aot tan x in RED

maps to 0 Ti T in MI t i ai c I t i f x E I

Thus her4 I so RMI E RE D

Lori IER is prime I ERG is prime

PI I C R is prime MI is an int domain MI ERAKI is an
int domain I is prime D



Ex 7 ee nz CD

We can naturallyextend to polynomial rings in several variables byjust
adjoining an additional variable e.g REXy R y Moregenerally

Def REX xD is defined inductively by

RG xD REX xn a Xn

Move concretely if a cR then ax d and is calleda monomial

of degree d t du and a polynomial in Rtx XD is a finite
sum of monomials

The degree of a polynomial is thelargest degree of a nonzero monomial
summand

Ex the Xcxy x xy t 3g is a polynomial of degree 2


